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Sensitivity Study of Precision Pressurized Membrane
Re� ector Deformations
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Geometric tolerances for precision re� ectors are much more stringent than for traditional structures. This
makes the reliability of their design critical whenever test veri� cation is dif� cult, as in the case of space in� atable
re� ectors. However, the accuracy of pressurized � lm shape predictions can be degraded by many factors, which are
often not suf� ciently recognized. To show the importance of details in precision membrane analysis, the sensitivity
of membrane shapes to selected environmental effects and physical assumptions used in numerical modeling
is illustrated. In particular, 1) � lm thickness and material property variations, 2) thermal effects and support
perturbations, and 3) the modeling of wrinkling are considered. Errors from inappropriately accounting for the
preceding in the prediction of parabolic re� ector shapes are compared to typical re� ector tolerances. The main
contribution of this study to the wealth of previous work on membrane structures is to demonstrate the practical
importance of the preceding effects in current industrial practice. Another contribution is the development of a
simple, high-precision, and robust numerical tool for axisymmetric membrane analysis.

Nomenclature
E; º = Young’s modulus, Poisson’s ratio
eeu; ²eu = Euclidean surface error norm and tolerance
f = paraboloid focal length
p = pressure
R; D = radius and diameter
R0 = radius of zone unaffected by support displacements
r, z = radial and axial coordinates
s = arc length along axisymmetric membrane contour
t = membrane thickness
® = meridian slope angle, tan¡1.dz=dr /
" = engineering strain, .l ¡ l I /= l I

· = meridian curvature, d®=ds
¾; N = stress and stress resultant

Subscripts

c; m = reference to circumferential
and meridional directions

ctr = reference to membrane center
I = reference to strain-free state

Introduction

P RESSURIZED membranes have been considered, designed,
and used for space applications throughout the space age.1

However, for high-precision applications such as radio frequency
(rf) or optical re� ectors their advantages of deployment simplicity
and low-volume storage have been offset by sensitivity to environ-
mental effects, dif� culty of shape control, and a lack of con� dence.
It is only recently2 that economic pressureand advances in material
technology renewed interest in precision space � lm applications.
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It is this current and practical interest that motivated the present
work.

Previous Work
Perhapsthe � rst publicationto addressa membraneproblemwith-

out a primary focus on shells, Hencky’s 1915 work on the approx-
imate solution of a homogeneous isotropic linear elastic circular
membrane under lateral load3 is one of the � rst achievements of
the distinct engineering discipline of membrane structures. Since
then, the literature on membrane theory, analysis and solution tech-
niques,and applicationengineeringhasgrown immense.No attempt
is made here to generally review this plethoraof work. (For an over-
all review the reader is referred to Libai and Simmonds.4) Rather,
we focus on re� ector engineering and highlight trends of literature
relevant to the present work via selected references.

Shape predictionsensitivityis hereindiscussedassumingaxisym-
metry, in line with much of the literature.3;5¡9 Although the relative
simplicity of the axisymmetric governing equations could explain
this trend for theoreticalcontributions,numerical studies8;9 also of-
ten address this class of problems despite that general numerical so-
lutiontechniquesand their theoryare notnecessarilyso limited.10¡12

The reasonfor this bias is that axisymmetricmembraneapplications
abound.They include many balloons,8 parachutes,13 air bags,14 and
re� ectors: the application of concern herein.

Although the results discussed next may be useful in the design
of general membrane domes, they are restricted to paraboloids—
the shape most often required of communication and scienti� c re-
� ectors. This geometry raises two immediate design questions. In
particular, 1) how well can an initially � at pressurized membrane
approximate a parabolid, and 2) how to design a membrane that
pressurizesinto an exact paraboloid.Many studies of � at membrane
pressurization (including experimentalwork15 ) are associated with
the former question. Of special interest of these are Refs. 7 and 16,
which also address how � lm properties (such as thickness) must
vary and what the support conditions should be for a � at � lm to
produce a paraboloid under pressure. The problem of initial shape
design for a desired pressurized geometry is simple for axisymme-
try because the problem is statically determinate.17;18 However, the
sensitivity of predictions to modeling approximations, addressed
in the present paper, is a pivotal practical concern, which is often
overlooked.
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The results presented next demonstratewell that the in� uence of
the perturbations of edge supports can be highly localized to the
support’s vicinity. This localization is often referred to as edge or
boundary-layereffect and has been studied before.19;20 The present
results offer a practical perspective of this phenomenon.

The signi� cance of wrinkling in membrane modeling is given
specialattentionnext. For a typical structuralproblemwhere macro-
scopic membrane behavior is of interest, the details of the wrinkles
are insigni�cant. Accordingly, the membrane can be modeled via a
smooth(i.e., unwrinkled)pseudosurface,and the extentofwrinkling
can be measuredby theaverageexcesscompressivestrain compared
to that comingfromthe membrane’s constitutiveresponsein thezero
principal stress direction.This measure can be incorporatedinto the
formulation via the constitutive model, e.g., through the Poisson’s
ratio,21 or it can be used as an explicit strain measure.22 However,
this extra variable does not need to be used for the solution of a
wrinkled membrane problem. This is the case for the present work
where, rather than explicitly introducing a new variable or incorpo-
rating it into a constitutiveparameter, the general set of constitutive
laws is replaced with a reduced set when wrinkling occurs.

Motivation
Despite the abundance of references on membrane analysis and

theory, the signi� cance of 1) environmentaleffects, 2) certain phys-
ical assumptions in the engineering model, and 3) mathematical
details of the model formulation in pressurized re� ector shape pre-
dictionarenot appreciatedsuf� cientlyin the spaceengineeringcom-
munity. The authors’ observations include attempts to benchmark
nonlinear FEM results to approximate or empirical solutions as-
sociated with unknown errors, accepting results of FEM programs
not equipped to model wrinkling even if (localized) compressive
stresses are produced, misinterpreting how re� ector surface accu-
racy shouldbemeasured,and a lack of appreciationof the sensitivity
of numerical results to modeling and physical details.

One reasonfor suchoversightsmay be the limited familiaritywith
precision re� ector design and with membrane engineeringby some
structural engineers. The shape prediction of precision membrane
structures requires the analyst to be keenly aware of two facts. First,
optical and rf devices are associated with tolerances much more
stringent than load bearing structures:geometric errors of a fraction
of a millimeter can render an optical device inoperable. Second,
membranes can be much more sensitive than stiffer structures to a
variety of perturbations. The awareness of these two factors is all
of the more necessary in space engineering, where tests of shape
predictions can be prohibitivelydif� cult.

The recognition of the sensitivity of membrane analyses is quite
limitedbecausevery few publicationsaddressthe quantitative,prac-
tical aspects of membrane engineering. The authors are aware of
only one such work that compares the accuracy of analytical shape
prediction based on variational principles for solar concentrators23

formed from initially � at membranes. (This work is based on helio-
stat accuracy tolerances and a surface error derived from meridian
slope errors—a metric not compatible with wavefront error-based
rms measures meaningful for rf applications.24 ) No similar work
for precisionre� ectors is available.The present study contributesto
� lling this void.

Present Contribution
Recognizing the gap between the needs of precision membrane

engineering and engineering practice, a study was conducted to
demonstrate how some modeling approximations, engineering as-
sumptions about the physical nature of a problem, and environmen-
tal effects affect the reliability of shape predictions for membrane
re� ectors.17;18 The studyconsideredtheprecisionrequiredof current
applications in various environments. It also reviewed existing the-
oretical and empirical formulas and modeling approximations, the
use andabuseofwhich the authorshaveobserved.The presentpaper
summarizes those results of this study that are directly relevant to
engineeringwith standardnumerical tools. In particular,we address
1) the effects of � lm thickness and material property variations, 2)
the impact of thermal effects and support perturbations, and 3) the
modeling of wrinkling using full geometric nonlinearitiesbut a lin-

ear elastic constitutivemodel. The in� uence on the computed shape
of each effect considered is studied for several membrane domes
with the software package AM17;18 (Axisymmetric Membrane) by
comparison with unaltered reference solutions. It is shown that the
errorscausedbyneglect in theprecedingeffectscan beunacceptable
for precision membrane engineering.

For the proper evaluation of the comparisons below and for the
more detailed study of engineering and theoretical approximations
from which the present results are selected,17;18 the numerical ac-
curacy of the analysis results have been crucial. However, the con-
sequent striving for accuracy in our formulation does not imply a
belief that minimizing numerical or mathematical approximations
guarantees good agreement between prediction and reality. Predic-
tion errorshavemany reasons, includingconstitutivemodels,which
are less than perfect re� ections of true material behavior, idealized
distributionsof properties and geometry instead of the statistically
disturbed real patterns, manufacturing errors, etc. Here we simply
focus on a few of these factors that can be easily addressed in de-
sign, and we demonstratethe impact of these alonewith an accuracy
compatible with the technical needs of rf and optical applications.

The optical accuracy of these applications has been the motiva-
tion behind the eliminationof mathematicalapproximationsand the
painstakingminimizationof numericalerrors in AM. In fact,besides
the demonstration of shape sensitivity a secondary contribution of
the present work is AM itself. Beyond its role in the present study,
AM also proved to be a handy tool for preliminary design (when
even re� ectors with gores can often be modeled as axisymmetric).

To � rst outline the technicalcontext and to clarifysome of the ter-
minology,we begin with a review of the so-called rms surface error
for rf and optical re� ectors. A summary of axisymmetricmembrane
mechanics follows via a discussionof the formulation embedded in
AM. Finally, the set of test problems and studied effects are intro-
duced, and the results are presented and discussed.

Surface Errors
The error in a predictedmembrane shape will be measured by the

Euclidean norm

eeu D
µ Z

.1z/2 dA

A

¶ 1
2

(1)

where 1z is the axial error between the compared—typically, the
ideal and the corrupted—surfaces, A is their axial projection (the
aperture for a re� ector), and their relative position is adjusted to
minimize eeu . This is not the so-called rms error erms associatedwith
rf and optical applications.However,we cannot use erms because the
studied problems also include initially � at membranes that do not
in� ate to optical shapes.

The radiometric rms error is de� ned only for optical (re� ector)
shapes24 as

erms D
µ Z ³

1l

2

´2
dA

A

¶ 1
2

(2)

where 1l is the wave-front error (the path-lengthchange sufferedas
a result of surface imperfectionsby a re� ected ray of radiation) and
A is the re� ector aperture. The signi� cance of erms is that it enables
one to estimate the gain loss of a re� ector caused by minor surface
errors as

G=G0 D exp
¡
¡[4¼erms=¸]2

¢
(3)

where G and G0 are the gains associated with the actual and ideal
surfaces and ¸ is the wavelength. For example, for an f D 28 GHz
frequency(¸ D 10:7 mm), which is representativeof some currently
consideredapplications,a 2-dB loss of antenna gain correspondsto
an rms error of erms D .0:2 10/1=2¸=.4¼/ ¼ 0:58 mm.

For a shallow parabolic reference surface the wave-front error
in Eq. (2) can be approximated as 1l D .21z cos2 ®/, where 1z
is the axial deviation from and ® is the angle of meridian slope
of the paraboloid. Further assuming cos® D 1 reduces Eq. (2) to
Eq. (1): eeu approacheserms for shallowparabolicdishes.This makes
the results of the present study radiometricallymeaningful (despite
the use of eeu) for shallow parabolic dishes. To help the practical
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assessment of the errors discussed later, a guideline error tolerance
²eu will be established.

As the positionof opticalelements in a device is adjustedafter the
fabricationof the elements (fabricationinvolvespressurizationfor a
membrane re� ector), re� ector surfacedesign is primarilyconcerned
with surface shapes, as opposed to the precise position of those
shapes in space. Accordingly, the errors 1z and 1l in expressions
Eqs. (1) and (2) are measured after axially positioning one of the
compared surfaces to minimize the resulting integrals.

Engineering judgment suggests that, to design for a particular
precision, an analysis tool should be an order of magnitude more
accurate.Thus the erms ¼ 0:58 mm representativere� ector precision
just derived requires an erms ¼ 0:06 mm shape prediction accuracy.
Because eeu > erms for a parabolic reference surface,24 a required
shape prediction tolerance of ²eu D 0:1 mm is taken here as a guide-
line.

There is much confusionin the structuralengineeringcommunity
causedby referringindiscriminatelyto many Euclidean(root-mean-
square) error norms similar to Eq. (1) as the rms error.Althoughsuch
norms can generally quantify surface errors and their use may be
necessitatedby nonoptical reference surfaces (as now), they should
always be carefully distinguished from the radiometric rms error.

Axisymmetric Membrane Formulation
Of several mathematically equivalent fully geometric nonlinear

formulationsfor axisymmetricmembranes, the one described in the
following was adopted for the present work (and incorporated in
the software package AM18) because of numerical accuracy, pro-
gramming simplicity, streamliningof details for future program ex-
tensions, and computational ef� ciency. As most elements of this
formulation are widely used, no references are cited for these, and
only nonstandard features are commented upon.

Governing Equations
Consider the meridian of the axisymmetric membrane (Fig. 1) in

radial and axial coordinatesr and z. The deformationof this contour
underpressureandsomekey geometricvariablesare shown in Fig. 2.
The geometric quantities associated with this deformation are

"c D
r

r I
¡ 1 (4)

"m D ds

dsI
¡ 1 (5)

· D d®

ds
(6)

dr

ds
D cos ® (7)

dz

ds
D sin ® (8)

where the function z.r/ describes the (pressurized) contour.For full
geometric nonlinearity none of the expressions in Eqs. (4–8) are
simpli� ed.

Any other strain can be expressed in terms of the preceding en-
gineering strains. Such strains may always be introduced into the
constitutive relations if needed.

The axial equilibrium of a membrane cap of radius r and local
equilibrium in the surface normal direction at point z.r/ entail

pr D 2Nm sin ® (9)

p D Nm · C Nc·c (10)

where

·c D sin ®=r (11)

is the surface curvature in the circumferentialdirection and Nm and
Nc are the radial and circumferentialmembrane stress resultantsper
unit deformed length (true, Cauchy-type,membrane forces). These

Fig. 1 Membrane contour.

Fig. 2 Geometry of deforma-
tions.

relationsare convenientbecause the curvature· , key to the meridian
integrationenginedeveloped,can easilybe expressedfrom Eq. (10).

To overcome the singularity at the apex (r D 0) of relations
Eqs. (9) and (10), they are there replaced with

Nm D Nc (12)

p D 2Nm · (13)

Numerical testing revealedno convergenceor accuracyproblems in
the vicinity of the singularity.

The formulation is completed by the constitutive relations de-
� ned in terms of the engineeringstrains "m , "c and the Cauchy-type
membrane forces Nm , Nc. In case of linear elasticity (the constitu-
tive module written for AM for the present study), these equations
are

Et"c D Nc.1 C "m / ¡ ºNm.1 C "c/ (14)

Et"m D Nm.1 C "c/ ¡ ºNc.1 C "m / (15)

where the .1 C "/ terms translate the Cauchy-type stress resultants
into Piola–Kirchoff-type ones (standard material testing measures
the elastic constitutive constants in the context of the latter). The
distinction between Cauchy and Piola–Kirchoff quantities is made
in order to improve accuracy despite that a linear elastic material
formulation is limited to small strains. (This is also the case for
quality commercial FEM codes such as MSC NASTRAN, where
the Jacobian of the deformation tensor is used to properly convert
strain measures in a geometric nonlinear analysis even if a linear
elastic constitutive relation is used.)

It is possible to obtain compressive stress(es) by the solution
of Eqs. (14) and (15) for certain strain values. However, instead
of developing such stresses, a membrane wrinkles—in the circum-
ferential direction, in case of an axisymmetric pressurized canopy.
Denoting the associated circumferential strain caused by Poisson
contraction as "c;elast and the excess compressive strain caused by
wrinkling as "w , the stress-strain relation in the wrinkled state can
be written as

Nc D 0 (16)

Nm.1 C "c/ D Et"m (17)

where "c D "c;elast C "w . [Via Eqs. (9–11) this entails · D 2·c , which
is the geometric de� nition of the contourof the wrinkled region, the
parachute curve.13]

At the onset of wrinkling signaled by compressive stresses from
Eqs. (14) and (15), these linear elastic constitutive relations are
replacedwith those re� ectingthewrinkledstate [Eqs. (16) and (17)].
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Further, nonlinear, constitutive models are also available in the
literature and could be included in the formulation. However,
such models are rarely used for pressurized canopy design in the
aerospace industry.For direct relevanceto industrialpractice, there-
fore, here only linear elasticity is considered.

AM and Its Solution Strategy
AM, the software package developed for the present study, is

based on the formulation outlined in the preceding section. The
development of this code was necessary because standard numeri-
cal tools applicable to membrane analysis (commercial FEM codes
such as NASTRAN) are cumbersome and can overcome numerical
problems associated with membrane analysis often only with spe-
cial assistance or nonstandard modeling options. For the hundreds
of analyses from which the results below are selected, a tool to pre-
pare and solve axisymmetric membrane problems within minutes
was needed. The ability to model wrinkling, not readily available
in most commercial codes, was also required as well as the poten-
tial for the easy incorporationof nonlinear constitutive relations for
future work. Further, the assessment of prediction errors caused by
assumptionsused in approximate solutions (discussed elsewhere17)
was also required.

At the heart of AM is an integrator to solve the meridian as an
initial value problem from any known point onward. In each inte-
gration step along the discretized contour, the state and position of
a point R is iterativelydetermined from the known adjacent point P
(cf. Fig. 2) with Eqs. (4–17) satis� ed. (Which of the alternativeele-
ments of the governing equations to use is decided point by point.)
The previouspointL is used, if available,only for the predictor step
of this iteration.

The meridian is repeatedly integrated(inward from the perimeter
or outward from the apex) with the initial values varied until the
boundary conditions on the other end are satis� ed with acceptable
accuracy. The numerical details have been developed and tuned
with painstaking care to minimize solution errors. Robustness has
been maintained by a recursive strategy whereby, if the contour
integration failed to converge (successfullycomplete) even after its
initial value was re� ned to exhaust computer numerical precision,
the solution was restarted from an appropriately chosen location
along the properly solved part of the contour.

AM’s computationalengine has been carefully veri� ed17 against
1)MSC NASTRAN, 2)an inversesolveralso includedin AM, and3)
pressurized spherical membrane problems. Initially � at membrane
results in the limit (for diminishing loads) were also compared with
Hencky’s approximate solution.

Problem Speci� cation
The sensitivity of shape prediction to selected effects is demon-

strated next for a number of initially curved membranes that
pressurize to exact paraboloids and for the limit case of ini-
tially � at shapes without prestress. Half-mil Kapton � lm is used
[t D 0:0127 mm, E D 5:516 GPa (D800 ksi), º D 0:3, and coef� -
cient of thermal expansionD 1:2 £ 10¡5]. The pressurizedaperture
radii are R D 1:5 m. (The stress-free membrane diameter differs
from the pressurized one if the membrane is initially curved and
pressurizes into a paraboloid.17)

For initially non� at membranes designed to pressurize to exact
paraboloids, f=D (focal-length-to-diameter) ratios of 0:25, 0:50,
0:75, 1:0, 1:5, 2:0, and 4:0 are discussed. For each of these models
and also for initially � at ones, pressures to produce skin stresses¾ctr

of 0:8618, 1.723, 3.447, and 6.895 MPa at the apex are considered.
These load cases are referred to as 125, 250, 500, and 1000, which
are the skin stresses in poundsper square inch.The rangespresented
extend beyond practical interest to better reveal trends and to pro-
vide a gradual transition between the parabolic shapes and the � at
membrane.

The pressure to be applied to a canopy for a particular skin stress
at the apex depends on the shape and size of the membrane. For
initially � at shapes the four applied pressureswere determinedwith
AM as p D 0:322, 0:911, 2:577, and 7:285 Pa (1 psi ¼ 6894:8 Pa),
respectively. For parabolic shapes they can be calculated from the
pressurized contour via Eq. (13) as p D t¾ctr= f .

Our choice to de� ne the load cases with particular values of skin
stress, rather thanof appliedpressure,servesthe scalabilityof the re-
sults, including surface errors eeu, without changing the membrane
thickness. (Film thicknesses for many space structures cannot be
decreased further because they already approach the limits of man-
ufacturability and quality control. Consequently, scaling has to be
limited to the overall structural geometry, leaving the � lm thick-
nesses unchanged. This constraint prohibits the use of the classical
replica scaling laws, which relate to the adjustment of all aspects
of the structural geometry. Instead, the recently developed rules
for constant thickness scaling25;26 need to be used. These relations
maintain the same skin stress for all model sizes.)

For all analyses a meridian discretizationto 250 near-equal inte-
gration steps has been used. The iterative solution of the meridian
was governedby the meridionalmembrane force at one endpointof
the contour—the initial value of the contour integration. The error
in the radial position of the other end of the contour was required to
diminish below ²R D 10¡13 times the model radius. When the out-
lined solution scheme was embedded in a global iteration to achieve
a given skin stress at the apex, the error tolerance for the embedding
iteration was ²¾ D 10¡8 times the target stress.

Parametric Study
Surface errors are presented next in a normalized form e D eeu £

104=R. The guideline shape prediction tolerance ²eu D 0:1 mm
just establishedcorrespondsto an ²norm D ²eu £ 104=R D 0:1 £ 104=
1500¼ 0:7 normalized tolerance for a 3-m-diam re� ector.

Film Property Nonuniformities
In general, the material properties and thickness of a � lm are not

uniform, and even their averages may differ signi� cantly from the
designspeci� cations.Such deviationsmay involvea systematicbias
within the structure as a result of the properties of the roll of � lm
fromwhich thegores are cut and the uniformorientationof the gores
on the roll. Consider two distributions of a 5% deviation between
the nominal (modeled) and true � lm thicknesses: 1) a uniform 5%
increase and 2) a variation linear with the radius from a 5% thick-
ness increase at the center to a 5% decrease at the perimeter. The
normalizederrors of shape predictionsbased on the nominal values
are shown in Table 1. Observe the following:

1) Generally, the shallower a shape is, the greater the errors.
2) The errors increase with increasing pressure levels.
3) Nonuniformthicknessperturbationshave a more benign effect

than uniform ones, and they re� ect the preceding trends less.
The ²norm D 0:7 guideline tolerance for 3-m-diam re� ectors is vi-

olated for a number of models. Similar results are expected from
like variations of the elastic modulus.

Temperature Loads
Consider temperature changes of 50±C (which is much below

typical values in a space environment) with distributions similar
to the thickness variation just stated, namely; 1T D 50±C and

Table 1 Normalized shape prediction errors e = (eeu £ £ 104/R) as a
result of thickness variations (no target f /D ratio identi� es the

initially � at membranes)

f=D 0.25 0.50 0.75 1.0 1.5 2.0 4.0 n/aa

Load case 125
t5%Cb 0.1 0.1 0.1 0.1 0.2 0.3 0.4 0.6
t5%§c 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Load case 250
t5%C 0.1 0.1 0.2 0.3 0.3 0.5 0.6 0.8
t5%§ 0.1 0.1 0.1 0.1 0.2 0.2 0.1 0.2

Load case 500
t5%C 0.3 0.3 0.4 0.5 0.7 0.9 1.1 1.1
t5%§ 0.3 0.2 0.3 0.3 0.3 0.3 0.3 0.3

Load case 1000
t5%C 0.6 0.6 0.8 1.0 1.3 1.2 1.9 1.5
t5%§ 0.5 0.4 0.4 0.4 0.4 0.3 0.5 0.3

an/a, Not applicable.
b t5%C: membrane thickness t uniformly increased to 1:05t .
ct5%§: t varied from 1:05t at the center to 0:95t at the edge.
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Table 2 Normalized shape prediction errors e = (eeu £ £ 104 /R) caused
by thermal loads (no target f /D ratio identi� es the initially

� at membranes)

f=D 0.25 0.50 0.75 1.0 1.5 2.0 4.0 n/aa

Load case 125
T 50Cb 5.9 8.0 11 14 20 25 40 47
T 50§c 3.9 5.6 7.3 9.3 11 13 13 17

Load case 250
T 50C 5.9 8.0 11 14 19 24 27 38
T 50§ 3.8 5.3 6.7 8.0 10 10 12 14

Load case 500
T 50C 5.9 8.0 11 14 19 23 28 30
T 50§ 3.6 4.9 6.1 6.7 7.3 7.3 9.3 10

Load case 1000
T 50C 5.9 8.0 11 13 17 17 25 29
T 50§ 3.4 4.4 5.1 5.3 5.1 4.5 6.7 3.5

an/a, Not applicable.
bT 50C: temperature T uniformly increased to T C 50±C.
cT 50§: T varied from T C 50±C at the center to T ¡ 50±C at the edge.

1T D .1 ¡ 2r=R/ £ 50±C. The shape prediction errors from not
modelingthese loadsare tabulatedin Table2.Observethe following:

1) The consideredtemperatureloadsdegradepredictionaccuracy
much more severely than the thickness variations.

2) Generally, the shallower a shape is, the greater the errors.
3) The errors weakly decrease with increasing pressure.
4) Nonuniform temperature loads are more benign than uniform

ones.
All errors are above the ²norm D 0:7 guideline tolerance for D D

3-m re� ectors.
The membrane dilation from a uniform temperature load distorts

the shape primarily becauseof the lack of compatibleperimeter dis-
placements. Thus the mechanical effect of a uniform temperature
differential and a perimeter displacement are similar, and the dis-
cussion of the effects of the latter to follow also applies to uniform
temperature loads.

Boundary-Layer Effect
Although the overall error between shapes undisturbed and dis-

turbed by uniform temperature loads (or perimeter displacements)
is generally signi� cant (cf. Table 2), such perturbations tend not
to alter the shape of the central region of initially curved mem-
branes. This localization of distortions to the vicinity of the sup-
port, the edge effect or boundary-layer effect,19;20 can protect the
shape of the center from the perturbation. To study this phe-
nomenon, the support has been radially displaced with eight in-
crements of 1R=R D 3 £ 10¡4 D 0:03% in each of the positive
and negative directions (steps of 1R D 0:45 mm for the 3-m-
diam models 1R D ¡3:6 mm ! C 3:6 mm) for all shapes and
load cases. Each increment corresponds to a 25±C temperature
step.

Stress boundary layers for an f=D D 1 membrane paraboloidare
illustratedin Figs. 3 and 4 becauseof out- and inward perimeterper-
turbations of 2:7 mm—§150±C temperature loads—for load case
125. (The displacement and length information is nondimensional-
ized, but the stresses are not, to comply with the constant thickness
scaling laws25 as earlier described.) The edge displacements have
little effect on the stresses except near the support, where there
are sharp deviations from the unperturbed state in opposite direc-
tions for out- and inward perturbations. However, for inward edge
motion this effect is mitigated by wrinkling, which does not per-
mit the stresses to drop below zero (Fig. 4). The associated shape
plots reveal that the central membrane regions (where the stresses
are virtually unchanged) undergo axial displacements with little
distortion.

Thiskinematicpatternis seenevenbetterif, rather than the shapes,
their axial differences from the undisturbed states are plotted, as in
Fig. 5 for three membrane dishes. (Figures 3 and 4 correspond in
the second plot to the third curves from the positive and negative
extremes of 1R.) These results, which are representativeof the en-
tire study, show that 1) the magnitude of the shape errors is smaller
for deeper dishes and 2) the edge effect spreads to the center in

Fig. 3 Boundary-layer effect for f /D = 1 membrane paraboloid, load
case 125, from an outward edge displacementof D R/R = +0:0018(equiv-
alent to ¡¡ 150±C temperature change).

Fig. 4 Boundary-layer effect for f /D = 1 membrane paraboloid, load
case 125, from an inward edge displacement of D R/R = ¡¡ 0:0018 (equiv-
alent to +150±C temperature change).

a suf� ciently shallow dish. The latter phenomenon, which marks a
diminishingunaffectedzone, becomesmore pronouncedwith an in-
creased pressurizationlevel (load cases 250–1000) and with greater
magnitudes of the edge perturbation.

One way to eliminate the adverse effect of edge perturbations
on re� ector accuracy is to involve only the center of the dish in
the rf operation. This region can be conveniently de� ned via the
uniformity of the error functions in Fig. 5. Thus the unaffectedzone
is taken to be the region where the axial displacements differ from
that at the apex with less than a fraction ’ of the latter (cf. Fig. 6); ’
arbitrarily selected in the present study as 0.001. (Varying ’ within
the [0.0005,0.01] rangedid not in� uence the observationsdiscussed
in the following.)

How R0 depends on the studied parameters is shown in Fig. 7. To
illustrate the meaning of the plots, consider the example of Fig. 3.
The R0=R value for this model can be read from the f=D D 1:0
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Fig. 5 Changes of three parabolic shapes for the studied edge displace-
ments, load case 125 ( D R varies in 16 even steps).

Fig. 6 De� nition of the unaffected center radius R0 via the toler-
ance ’.

curve in Fig. 7 as R0=R ¼ 0:61 (load case 125, 1R=R D C0:0018).
This value marks a location in Fig. 3 slightly inward from where
the responses of the unperturbed and perturbed membranes can be
visually discerned.

Two characteristics of the plots in Fig. 7 caused by the current
axial error-based de� nition of R0 need to be commented upon: 1)
the R0=R values on the vertical axes (no support perturbation) can
be realized only in the limit 1R ! 0, and 2) R0 cannot fully dis-
appear even if the shape of the entire dish is altered. It is the latter
phenomenonthat results in the congestionof the curves for the shal-
lower dishes and for intense pressures at values slightly above the
abscissa axes even though no region of the � lm is left unaffected
in these cases. Nevertheless, the measure based on shape errors is
preferred here because 1) shape errors are associated with re� ector
accuracy and 2) the highlighted spurious behavior of the plots is
localized to regions of unlikely practical interest.

Fig. 7 Size of the region not involved in the boundary-layereffect as a
function of dish shape and edge perturbations.

The plots reveal the following:
1) The unaffectedzone diminishes with a) increasing f=D ratios

(shallow dishes) and b) high pressures.
2) For deep dishes and for high pressure levels, R0 is independent

of both the direction and the magnitude of the edge perturbations.
3) For moderately deep to shallow dishes ( f=D D 1:0 and up),

R0 depends on the magnitude of the perturbations slightly if the
latter entail inward edge motion (1R < 0) and strongly if the edge
is moved outward (1R > 0).

Wrinkling
The mechanics of � lm structures is profoundly affected by the

presence (or the lack of) wrinkling, as seen in Figs. 3 and 4. How-
ever, because of the associated numerical dif� culties and/or the
limitations of many commercial FEM codes wrinkling is often ig-
nored, and localized compressive stresses are tolerated. Associated
shape prediction errors for the entire dish (not just the unaffected
zone studied in the preceding section) are shown in Table 3 for an
edge perturbationcorrespondingto a moderate 1T D 50±C temper-
ature increase (cf. Fig. 4).

The shallower the dish and the lower the pressurizationlevel, the
greatertheerrors.For the125-loadcase theerrorsreachtheguideline
tolerance at f=D D 1, and they quickly become excessive beyond.
The impact of the dish shape appears to be similarly dramatic for
higher pressures, too, but the dish shapes associated with the onset
of wrinkling are increasingly shallow.
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Table 3 Normalized shape prediction errors e = (eeu £ £ 104 /R) caused
by unmodeled wrinkling, load cases 125–1000, uniform +50±C
temperature increase (no target f /D ratio identi� es the initially

� at membranes)

f=D 0.25 0.50 0.75 1.0 1.5 2.0 4.0 n/aa

125 0.1 0.2 0.5 0.7 1.3 2.0 4.7 17
250 —— 0.0 0.1 0.1 0.3 0.4 1.1 6.7
500 —— —— —— —— —— —— 0.0 1.5
1000 —— —— —— —— —— —— —— 0.3

an/a, Not applicable.

Conclusions
The sensitivity of shapes and shape predictions to selected ef-

fects have been explored and evaluated for axisymmetric precision
membrane antennas in the context of currently considered rf appli-
cations. It has been demonstrated that failure to properly account
for 1) limited deviations from nominal � lm properties, 2) moderate
thermal effects, and 3) wrinkling introduce errors into the results
that can render the shape prediction inappropriate for precision an-
tennadesign.The practicalsigni� canceof the boundary-layereffect
as a possible means to protect a dish center from the deleterious in-
� uence of support perturbationshas been quantitatively examined.
It has been seen that the shallower a membrane dish and the higher
the pressure the more sensitive it is to modeling approximationsand
physical perturbations.

The presentedresultshavebeenproducedwith the softwarepack-
ageAM for theef� cientand high-precisionanalysisof axisymmetric
membranes, including wrinkling. The problem formulation embed-
ded in AM has also been reviewed.
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